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Abstract. We determine the three fundamental invariants in the entries of 
a 3 X 3 X 3 array over C as explicit polynomials in the 27 variables for 
1 < i , J , A; < 3. By the work of Vinberg on 0-groups, it is known that these 
homogeneous polynomials have degrees 6, 9 and 12; they freely generate the 
algebra of invariants for the Lie group SL<3(C) X SLg(C) X SLs(C) acting 
irreducibly on its natural representation C 3 §5 C 3 ® C 3 . These generators have 
respectively 1152, 9216 and 209061 terms; we find compact expressions in 
terms of the orbits of the finite group (S3 X S3 X S3) x S3 acting on monomials 
of weight zero for the action of the Lie algebra 513(C) S) sls(C) ffi 013(C). 



1. Introduction 

We consider 3x3x3 arrays X = (xijk) where Xijk G C for 1 < k < 3. 
We are concerned with homogeneous polynomials in the entries Xijk of these arrays 
which are invariant under the action of the Lie group SL 3 (C) x ST 3 (C) x SL 3 (C) 
acting by simultaneous changes of basis along the three directions. 

Following Bremner et al. [3J [3J, we use a computational approach, based on 
the representation theory of the special linear Lie algebra 313(C), to express these 
invariant polynomials as elements in the nullspace of a large integer matrix, and 
then to determine explicitly the generators of the algebra of invariants. Apart from 
their intrinsic interest, these generators can in principle be used to determine an 
explicit form for the hyperdeterminant of a 3 x 3 x 3 array in the sense of Gelfand 
et al. [8]; see the open problem at the end of this paper. 

Vinberg |16j generalized the notion of Weyl group from Lie groups to 0-groups; a 
f?-group is the group of fixed points of an automorphism of finite order of a complex 
semisimple Lie group. He showed that the corresponding Weyl groups are generated 
by complex reflections, and obtained the corollary that the algebra of invariants is a 
polynomial algebra: it is freely generated by a finite set of fundamental invariants. 
In particular, he embedded the Lie algebra 5(333(0) = s[3(C)©s[3(C)©s[3(C) into an 
exceptional Lie algebra of type Eq , and deduced that the algebra of invariants for the 
natural representation of 51333(C) is freely generated by homogeneous polynomials 
in degrees 6, 9 and 12. A general computational framework for studying 9- groups 
has been developed recently by de Graaf [5]. 

An expression for the fundamental invariant of degree 9 in terms of 3 x 3 slices 
was obtained by Strassen [151 Lemma 4.5]. A geometric interpretation of Strassen's 
result has been given by Ottaviani Q31 §3]; see also Domokos and Drensky [6]. 
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Nurmiev |13j obtained an implicit description of all three invariants in terms of 
convolutions of volume forms. An approach to these polynomials using classical 
invariant theory has been given by Briand et al. |3] . For an application to quantum 
information theory, see Duff and Ferrara [7] . For recent related work on 2x2x2x2 
arrays, see Huggins et al. [9]. 

In this paper we obtain explicit expressions for the fundamental invariants in 
degrees 6, 9, 12 for the action of SX 3 (C) x SL 3 (C) x SL 3 (C) on 3 x 3 x 3 ar- 
rays. These invariants have respectively 1152, 9216 and 209061 terms. We express 
these homogeneous polynomials in terms of the orbits of the finite symmetry group 
(S3 x S3 x S3) x 5 3 acting on monomials of weight zero for the action of 5(333(0). 
We use this action to efficiently represent polynomials as orbit sums; the invari- 
ants, especially in degree 12, involve far too many monomials to be written down 
completely. Using this method, it becomes possible to represent the fundamental 
invariants in a paper (and not just on a hard disk) . Files containing the invariants 
are available as ancillary files attached to the arXiv version of this paper. 

2. Preliminaries 

2.1. Homogeneous polynomials on 3x3x3 arrays. Let ex, e%, e3 be the stan- 
dard basis vectors of C 3 . We consider the tensor product C 333 = C 3 ® C 3 ® C 3 . 
Every element of C 333 is a finite sum of elements of the form u ® v ® w where 
u, v, w e C 3 . A basis for C 333 consists of the 27 simple tensors e^fe = e, ® ej ® e& 
for 1 < i,j,k < 3. We therefore identify the array X = (asyfc) with the element 

333 

X = 2J x ijkeijk, Xijk e C. 

i=i j=i fe=i 

We introduce variables x^jk for 1 < k < 3 corresponding to the entries of X; 
this notation is ambiguous but should not be confusing. Strictly speaking, x^u is 
a coordinate function on C 333 and is therefore a dual basis vector e* ® e* (g> e£, but 
this distinction will not be important for us. We consider the polynomial algebra 
P = C[xijk I 1 < i, j, k < 3]. A basis of P consists of the monomials 

(1) M(E) II II J! r, / aft" . 

i=i j=i k=i 

where E = (e^fe) is an exponent array of non- negative integers. The homogeneous 
subspace Pn of degree N has a basis consisting of monomials for which 

333 

»=i j=i fc=i 

A linear operator on C 3 is represented by a 3 x 3 matrix A = (<Zy) where G C. 
The action of a triple of invertible operators (A, B, C) on Xijk is given by 

333 

(yl, C) • Xijf^ — ^ ^ ^ ^ ^ ^ QpibqjCrkXpqr • 
p—1 q—1 r—1 

This action extends to polynomials as follows: 

(A,B,C)-f(...,x ijk ,...) =/(... ,(A,B,C)-x ijk ,.. .). 
We call / an invariant if (A, B,C) ■ f = f when det(A) = det(B) = det(C) = 1. 
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2.2. Representations of Lie algebras. The n x n complex matrices of determi- 
nant 1 form the special linear group SL n (C). Finite-dimensional representations 
of SL n (C) can be studied in terms of the Lie algebra s(„(C), which consists of all 
n x n complex matrices of trace 0. The standard basis of s[„(C) consists of 

• the matrix units Uij for i ^ j with (i, j) entry 1 and other entries 0, 

• the diagonal matrices Hi = U^i — for i = 1, 2, . . . , n—1. 

The simple root vectors are the matrix units Tj = Ui.i+i for i = 1, 2, . . . , n— 1. The 
natural representation of sI n (C) is its irreducible action on C n . We have 



Hi 



■ e,- 







if j = i 
if j = i+1 
otherwise, 



Ti • 



-i if j = i+1 
otherwise. 



We are concerned exclusively with the Lie algebra 3(3 (C); in this case 
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The brackets of Hi and Tj are 



(2) [H 1 ,Ti] = 2Ti, [H 1 ,T 2 ] = -T 2 , [H 2 ,T 1 ] = -T 1 , [H 2 ,T 2 ] = 2T 2 . 

We consider the action of 5(333(0) = sts(C) ©313(C) ffis^fC) on its irreducible 
representation C 333 . For I = 1, 2, 3 we write a superscript (£) to indicate the basis 
elements of the l-th summand. These elements act on Xijk as follows (m = 1,2): 



Xi-ijfi if i = m+1 
otherwise 
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%ijk — 
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otherwise 
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otherwise 
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%ijk 


if fc = m 






ff (3) 




~%ijk 


if fc = m+1 


T (3) 
m 











otherwise 















if j = m+1 
otherwise 

if fc = m+1 
otherwise 



The action of a Lie algebra L on a tensor product V <S>W oi L-modules is given by 
A ■ (v <g> tu) = (A ■ v) ® w + v <g> (A • w) for ^4 e L, v e V, w e W. If we identify the 
N-th symmetric power S N V of the p-dimensional L- module V with the space of 
homogeneous polynomials of degree TV on a basis v\, . . . , v p of V, then the action 
of L on S N V is given by 



i=l 



1=1 
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Lemma 2.1. For m = 1, 2 we have 

3 3 



H% ■ ( 
Hi 3) • ( 



em 
111 



■ X 



ail 



333 



"333 



"333 



^ ^ ^"^ (^m,j,fc ^-m+1 ,j,fe) *^111 
j=l fe=l 



3 3 

^ ] ^ ] ( e i,m,k 
i=l fe=l 
3 3 

i=l j=l 



em 
111 



The eigenvalues of x^ 1 • • • X333 3 for the elements ifm will be denoted 



^z,m+l,fc) X 



"333 ' 



"333 > 



"333 



3 3 



3 3 



3 3 



= y^yi (eijfc-e2jfc), = y^y^ (e 2 jfc-e 3 jfc), w 2 i = y^( e »ifc~ e »2fc), 
j=i fc=i j=i fc=i ^=1 k=i 

33 33 33 



i=i k=i 



i=i 3=1 



1=1 j=i 



The weight of x^ 1 



c 333 3 



is the tuple (un, wi2,W2i,W22,W3i,u;32). A monomial 



has weight zero if = for I — 1,2,3 and m — 1,2. For given degree and given 
weight, the weight space W(N \ uiu, uj 12 , UJ21, w 22, w 3i ; W32) is the subspace of Pjy 
spanned by the corresponding monomials. 

Lemma 2.2. For m = 1, 2 we /iave 

3 3 



r4 x) ■ ( a 



■ 333 



) = £E 

j=i fc=i 

3 3 



e m+l 



,fc + l 



m,j,k 



■ X 



i+i, j, fc- 



fe J-lll 



^TO^ ' {, x lll ' ' ' x 333 3 ) — e i,m+l 
i=l k=l 
3 3 

c 333 3 ) = y e 

i=l j = l 

By ([21) the elements T$ induce linear maps: 



.fc+i 



i,m,k 



tL 3) ■ h 
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z,j,m+l -^m 



>+l 
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"333 > 
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"333 



(i) 



(i) 
2 

.(2) 
1 

^(2) 



1? 



(3) 



T. 



I 0,0,0,0,0,0) — > V^(A 
W(iV I 0,0,0,0,0,0) — > W(N 
W{N I 0,0,0,0,0,0) — > W(N 
W{N I 0,0,0,0,0,0) — > W(N 
W(N I 0,0,0,0,0,0) — > W{N 
W(N I 0,0,0,0,0,0) — > W(N 

We write f2^ m for the nonzero weights and form the direct sum: 

3 2 

A N = (7\ (1) , . . . , T 2 (3) ) : W(N | 0, 0, 0, 0, 0, 0) — > W(iV | Q, m ). 

£=1 m=l 

Lemma 2.3. T7ie invariant polynomials in degree N for the action of 51333(C) on 
the space 

C 333 

are the ( nonzero ) elements of the kernel of the linear map Ajv ■ 



2,-1,0,0,0,0), 
-1,2,0,0,0,0), 
0,0,2,-1,0,0), 
0,0,-1,2,0,0), 
0,0,0,0,2,-1), 
0,0,0,0,-1,2). 
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Theorem 2.4. The algebra of invariants for 51333(C) acting on C 333 is freely gen- 
erated by three fundamental invariants in degrees 6, 9 and 12. Thus for N = 6, 9, 
12 the nullspace of An has dimension 1, 1, 2 respectively. 

Proof. Vinberg [16]; see especially item 2 in the table on page 491. □ 

2.3. Combinatorics of monomials. Let E = {eijk) be a 3 x 3 x 3 exponent array 
with non- negative integer entries corresponding to the monomial ([1]). 

Definition 2.5. The flattening of E is the ordered list obtained by applying 
lexicographical order to the subscripts: 

flatten(i?) = [e m , en 2 , en 3 , em, e i2 2, ei 2 3, ■ ■ ■ ,6331,6332,6333]. 

The total order on exponent arrays is the lex order on flattenings: that is, E < E' 
for flatten^) = [fa f 2 , . . . , fa] and flatten^') = [f[ , fa . . . , fa] if and only if 
fi < f'i where i is the least index with fi ^ /'. The matrix form of E is: 



em em em 
e2ii e 2 2i e 2 3i 
e3ii e3 2 i 6331 



eii3 ei 2 3 ei33 
e 2 i3 e 22 3 e 2 33 
e 2 i3 e 22 3 e 2 33 



en 2 ei 22 ei3 2 
e 2 i 2 e 222 e 2 3 2 
e 2 i 2 e 222 e 2 3 2 

The third index distinguishes the frontal slices, where a slice is a 3 x 3 matrix 
obtained by fixing one subscript; there are three parallel slices in each direction. 
We call E an equal parallel slice array if parallel slices have the same sum. 

Lemma 2.6. A basis for W(N | 0,0,0,0,0,0) consists of the monomials of degree 
N whose exponent arrays are equal parallel slice arrays. In degree N , there are no 
monomials of weight zero, and hence no invariants, unless N is a multiple of 3. 

Proof. This follows immediately from Lemma |2. II □ 

To generate the exponent arrays for weight zero monomials of degree N, we use 
nested loops and the condition that the horizontal parallel slices have sum N/3. 
(See Table [TJ) To generate the higher weight monomials, we first use Lemma [2.21 
to generate the monomials for weights f2i m (m = 1, 2). We then use symmetry to 
obtain the monomials for weights £le m (i = 2, 3, m = 1,2): if E is an exponent 
array of weight fii m then E' defined by e' i j k = ejik is an exponent array of weight 
f2 2m , and similarly for monomials of weight fl^m. (See Tabled) 

Definition 2.7. The symmetry group acting on the weight zero monomials in 
degree N is the semidirect product G = (S3 x S3 x S3) X S3. Each factor in 
S3 x S3 x S3 permutes the parallel slices in the corresponding direction; the last 53 
permutes the directions. More precisely, (ot,{3, 7) and S act on E = (&ijk) by: 

((a, 0,7) • E). . k = e a(i) , W)i7(fe) , (5 ■ E) i j k = e^ k s. 

The orbit of a weight zero monomial M(E) is 0(M) ={M(g-E) \ g e G }. The 
symmetric and alternating orbit sums are defined by 

+ (M) = M J2 M(g ■ E), O-(M) = ^ £ e(g) M(g ■ E), 
1 1 gee 11 g<£G 

where e(g) is the product of the signs of the components of g = (a, (3, 7,(5) G G. 
For some monomials, the alternating orbit sum will be zero. 

See Table |3] for procedures to generate the orbit of a weight zero monomial; 
smallorbit permutes the slices, and largeorbit permutes the directions. 
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• set weightzeromonomials <— [] (empty list) 

• for A from to N/3 do for f 2 from to N/3 - f 1 do . . . 
for f 8 from to N/3 - (A H h A) do: 

■ set f 9 <- N/3 -(A + --- + / 8 ) 

• for /io from to N/3 do for Ai from to AT/3 — /io do . . . 
for / 17 from to N/3 - (/ 10 + • ■ ■ + /is) do: 

• set / 18 <- AT/3 - (/ 10 + • • • + At) 

• for A9 from to N/3 do for /20 from to — A 9 do . . . 
for fa from to 7V/3 - (f 19 + ■ ■ ■ + fa) do: 

• set fa *- N/3 - (fa + ••• + /!») 

• set e «— unf latten(/) 

• if T,j,k e ijfc = T,j,k e 2jfe = Ej.fc e 3jfc and 
Ei.jt e *ifc = Ei.jfc e i2fc = Ei.jfc e i3fc and 
E*,j e «i = E;j e *i2 = Ei,j e «3 then 
append [A> • ■ • , A7] to weightzeromonomials 

• return weightzeromonomials 

TABLE 1 . Pseudocode to generate weight zero monomials of degree N 

• set £ «- 1 

• for m = 1,2 do 

• set higherweightmonomials[£, m] <S— [ ] (empty list) 

■ for x in weightzeromonomials do 

• set e <;— unf latten(x) 

• for j = 1,2,3 do for k = 1, 2, 3 do 

• if em+i,j,fc > then 

set / <— e 

Set f m +l,j,k ^~ fm+l,j,k ~ 1 
Set fmj,k 4 fm,j,k ~\~ 1 

append flatten(/) to higherweightmonomials[£, m] 

• return higherweightmonomials[^, 1], higherweightmonomials^, 2] 

Table 2. Pseudocode to generate higher weight monomials (1=1) 



3. Degree 6 

Lemma 3.1. In degree 6, there are 1152 monomials of weight zero, and 792 mono- 
mials of each higher weight for i = 1,2,3 and m = 1, 2. 

Proof. We generate the monomials using an implementation in Maple 15 of the 
algorithms in Tables Q] and [2] with N = 6. □ 

Lemma 3.2. TTie nullspace of the matrix representing Aq has dimension 1 mod- 
ulo p = 101. Using symmetric representatives, the canonical basis vector of the 
nullspace has coefficients {—10,-4,-2,1,2,4,8}. If we interpret these as integers 
then the corresponding polynomial is an invariant for the action of 51333(C). 

Proof. We use the LinearAlgebra [Modular] package in Maple 15 to create a ma- 
trix B with an upper block of size 1152 x 1152 and a lower block of size 792 x 1152. 
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• smallgrouporbit(/) 

■ set e unf latten(/) 

■ set orbit <— { } 

■ for p £ S 3 do for q £ S3 do for r £ S3 do: 

■ for i = 1, 2, 3 do for j = 1,2,3 do for k = 1, 2, 3 do: 
set /ij,fe «- e p (i),5(j),r(fc) 

• set orbit «- orbit U {f latten(/)} 

• return orbit 

• largegrouporbit(/) 

• set e <— unf latten(/) 

• set orbit <— { } 

• for s £ S3 do: 

• for i = 1, 2, 3 do for j = 1,2,3 do for fc = 1, 2, 3 do: 

set t -h- k) 

set fi t j f k e t S (i),t S (2),t S (3) 

• orbit <— orbit U smallgrouporbit(f latten(/)) 

• return orbit 

Table 3. Pseudocode to generate the orbits of a weight zero monomial 

• set B <— Matrix(1944, 1152) modulo 101 

• set I «- 1 

• set c <— 

• for ir, £ weightzeromonomials do 

• set c ^— c + 1 

• for m = 1, 2 do 

• set e <— unf latten(x) 

• for j = 1,2,3 do for k = 1, 2, 3 do 

• if e m+ ij, fe > then 
set / «— e 

Set fm+l,j,k 4— fm+l,j,k — 1 
Set fm,j,k 4 fm,j,k ~l~ 1 

set 5 f latten(/) 

set r monomialindex((7, £, m): 

set Bn52+r,c <- (-Bii52+r,c + e m +i j,fc) modulo 101 

• compute the row canonical form of B 

Table 4. Pseudocode to fill the matrix (N — 6, i = 1) 

For £ = 1, 2, 3 and m = 1,2 we apply Lemma T2.2I to store the matrix representing 
Tm in the lower block; we then compute the row canonical form. See Table [4] for 
t = 1; monomial index does a binary search for a higher weight monomial in the 
lexicographically ordered list of all monomials of that weight. At termination, B 
has rank 1151. From the row canonical form, we extract a basis vector for the 
nullspace. We then perform another computation using integer arithmetic to verify 
that the corresponding polynomial is indeed an invariant over C. □ 
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I 6 MINIMAL REPRESENTATIVE ORBIT SIZE # 
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Table 5. The fundamental invariant in degree 6 



Lemma 3.3. The coefficients of the canonical basis vector for the nullspace of Ag 
are constant on orbits for the action of (63 x 63 x S3) x S3 on weight zero monomials. 
For each orbit, the coefficient, the matrix form of the minimal representative, and 
the orbit size, are displayed in Table® 

Proof. We implemented the algorithms of Tables and |4] in Maple 15. □ 

Theorem 3.4. Every invariant in degree 6 for 6X3(0) x 6X3(0) x 6X3(0) acting 
on 3 x 3 x 3 arrays X = (xijk) is a scalar multiple of 

- lO0 + (zi232;i322;213^23i:E3122>32l) - 4 + ( Xi 32 a;i33a:213^22ia;311^322) 

- 2 + (.Xi 33 a;22ia;222a;3iia;3i2) + + ( ^1332:222^311) 

+ 2 + ( xi 32 a:i33X22ia:223^3ii^3i2) + 2 + ( £i32;Ei33£2i32;222£3ii2;32i) 
+ 4 + ( ^ 33 a:2i2^22ia;3iia:322) + 8 + ( Zm^isa^is^asiZsn^aa) ■ 
Proof. This is a restatement of the results in Table □ 

4. Degree 9 

Lemma 4.1. In degree 9, there are 22620 monomials of weight zero, and 17802 
monomials of each higher weight f^ m for £ — 1,2,3 and m = 1,2. 

Proof. Similar to the proof of Lemma 13.11 □ 

Lemma 4.2. The nullspace of the matrix representing Ag has dimension 1 mod- 
ulo p = 101. Using symmetric representatives, the canonical basis vector of the 
nullspace has coefficients {—1,0,1}; the nonzero coefficients each occur 4608 times 
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Table 6. The fundamental invariant in degree 9 



and occurs 13404 times. If we interpret these as integers then the corresponding 
polynomial is an invariant for the action of 51333(C). 

Proof. Similar to the proof of Lemma 13.21 □ 

Lemma 4.3. The canonical basis vector for the nullspace of Ag is a linear com- 
bination of alternating orbit sums for the action of (S3 x S3 x S3) » S3 on weight 
zero monomials. For each orbit, the coefficient, the matrix form of the minimal 
representative, and the orbit size, are displayed in Table\6\ 



Proof. Similar to the proof of Lemma 13.31 (There are another 30 orbits for the 
action of the symmetry group but they all occur with coefficient 0.) □ 
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Theorem 4.4. Every invariant in degree 9 for SLs(C) x SL3 ( 
on 3 x 3 x 3 arrays X = (xijk) is a scalar multiple of 



x SL,3(C) acting 



Or 

Q- 
■Qr 
■Or 
■Or 
■Q- 

Q- 

Q- 
■Cr 
■Or 

Q- 
■Qr 
■Or 



a;i23^i32Si33a;2i3a;22ia:232a;3 11 a;322j 

a;i23^1322:i33^2132 ; 22ia;231^312 :c 32l) 

Si23a;i32a;i33a;2i3a;22ia;222a;3iia;3i2a;33i) 
Si23^i32a;i33a;2i3a;22i a:: 3iia;3i2a;332) 

Sl232;i32a;i33a;212a;222^23l2;31ia;323) 

a;i23^i32a:i33^2i2a;22ia;232a:3ii^3i32:32i) 

a;i23^132a:i33^212a;22ia;23l2 : 311^3132:322) 
XmX\32XVi3X2YlXl\3X21\X3YlXy2.\X33\) 
^123^132a;i33a;212 :z; 231^313a;32l) 

x \2Z x \Z2 x \zz x 2\\ x 2\2 x 2Z2 x z\\ x -i2\ x Z2-i) 
x V2Z x \32 x 2\z x 22\ x 2z\ x z\\ x z\2 x ?,2z) 

x \2Z x \32 x 2\Z x 22\ x 222 x \\\ x -iZz) 
a;i232;?32 a; 213 a; 23ia;312a;32l) ■ 



Proof. This is a restatement of the results in Table [6] 



□ 



5. Degree 12 

We find explicit forms of two linearly independent invariants in degree 12, and 
verify that the simpler invariant can be taken as the generator in degree 12. 

Lemma 5.1. In degree 12, there are 302274 monomials of weight zero, and 254961 
monomials of each higher weight fl( m for I — 1,2,3 and m = 1, 2. 

Even using modular arithmetic, it is impossible to process efficiently a matrix 
with 302274 columns and 302274 + 254961 = 557235 rows. Therefore we look for 
invariants that are linear combinations of the symmetric orbit sums. 

Lemma 5.2. In degree 12, there are 359 orbits for the action of (S3 x S3 x S3) x S3 
on weight zero monomials. For each orbit, the flattened minimal representative and 
the orbit size are given in Tables [7T 41 1L 

We consider a matrix with 359 columns, one for each symmetric orbit sum. 

Lemma 5.3. The nullspace of the matrix representing the restriction 0/A12 to the 
span of the symmetric orbit sums has dimension 2 modulo p = 101. 

Proof. We use modular arithmetic on a matrix M with an upper block of size 
359 x 359 and a lower block of size 254961 x 359. For each I = 1, 2, 3 and m = 1, 2 
we consider the restriction of Tm to the subspace of W(12 \ 0, 0, 0, 0, 0, 0) spanned 
by the symmetric orbit sums; we store the corresponding matrix in the lower block, 
and compute the row canonical form. After the first iteration (I = m = 1) the rank 
is 357, and does not increase for the remaining five iterations. □ 



FUNDAMENTAL INVARIANTS FOR 3x3x3 ARRAYS 
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Lemma 15.31 agrees with Theorem 12.41 a basis of the invariants in degree 12 
consists of /| together with a new generator I\ 2 . We confirm this result with 
further computations using integer arithmetic. 

Lemma 5.4. Let A be a matrix with integer entries. If rg is its rank over Q and 
r p its its rank over the prime field ¥ p , then r p < Tq. Hence the dimension of the 
nullspace over Q is no larger than the dimension of the nullspace over ¥ p . 

Proof. The rank of a matrix is r if and only if all (r+l)-minors are zero, and at 
least one r-minor is not zero. Since these minors are polynomials in the matrix 
entries with integer coefficients, the claim follows. □ 

Theorem 5.5. In degree 12, the polynomials I\ 2 and I' l2 given in Tables \7\ \1 1 1 form 
a reduced basis for the lattice of invariants with integer coefficients. 

Proof. For each I — 1, 2, 3 and m = 1, 2 we totally order the 254961 higher weight 
monomials, and partition each set into 399 blocks of 639 consecutive monomials. 
For j = 1, 2, . . . 359 we compute the action of Tm on the j-th symmetric orbit sum, 
and separate the resulting terms corresponding to the different blocks. 

We create an integer matrix M with an upper block of size 359 x 359 and a lower 
block of size 639 x 359, initialized to zero. For I — 1, 2, 3, m = 1,2, j = 1,2,..., 359, 
k = 1, 2, ... , 399 we consider the terms in block k obtained by applying T^} to the 
j'-th symmetric orbit sum. We store the integer coefficients of these higher weight 
monomials in the lower block, and compute the Hermite normal form (HNF). 

We obtain the same behavior as in Lemma [5~3l after the first iteration the rank 
is 357, and does not increase for the remaining iterations. At termination, we have 
an integer matrix of size 357 x 359, also called M, whose integer nullspace consists 
of the coefficient vectors of the invariant polynomials of degree 12. 

To find a lattice basis for this integer nullspace, we compute the HNF of the 
transpose M', obtaining integer matrices U (invertible) and H, of sizes 359 x 359 
and 359 x 357 respectively, for which UM 1 = H . The last two rows of U form 
a lattice basis for the integer nullspace of M. We apply the algorithm of Gauss- 
Lagrange to these last two rows to find a short basis of the integer nullspace. (For 
an introduction to lattice basis reduction, see Bremner pQ.) Since the lattice is 2- 
dimcnsional, the output consists of a shortest nonzero vector and a shortest vector 
which is not a multiple of the first vector. The components of these reduced basis 
vectors I12 and I' 12 are given in Tables 171-1111 Finally, we perform an independent 
check using integer arithmetic that I\ 2 and I' 12 are annihilated by all the Tm ■ Q 

Lemma 5.6. We have I' 12 = /| + 21I\ 2 . Hence I\ 2 is the fundamental invariant 
in degree 12; it involves 235 of the 359 orbits, with a total of 209061 monomials. 

Proof. We compute the expression for /| as a linear combination of I\ 2 and I' 12 . 
This can be performed very efficiently in Maple 15 using the algorithms of Monagan 
and Pearce [Til HI] which are based on the work of Johnson [10] . □ 

We can now state our main result, and an open problem. 

Theorem 5.7. The three fundamental invariants for 3x3x3 arrays are: 

• the polynomial Iq of Table which is a linear combination of the 8 sym- 
metric orbits in degree 6, and has altogether 1152 terms; 
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• the polynomial 7g of Table El which is the sum of 14 alternating orbits in 
degree 9, and has altogether 9216 terms; 

• the polynomial l\i of Tables [71 4111 which is a linear combination of 235 
symmetric orbits in degree 12, and has altogether 209061 terms. 

Open Problem. Corollary 3.9 of Gelfand et al. [8] implies that the hyperdeter- 
minant of a 3 x 3 x 3 array has degree 36, and hence has the form 

all + b / 6 4 / 12 + c /flf + d 7* J* + e Z 6 /|/ 12 + / J 9 4 + g lf 2 , 

for some a, b, c, d, e, f, g € C. Determine these coefficients. 
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FUNDAMENTAL INVARIANTS FOR 3x3x3 ARRAYS 



Il2 


T 12 


MINIMAL REPRESENTATIVE 


ORBIT SIZE 


# 


o 


1 


000000004000040000400000000 


36 


1 


o 


— 4 


000000004000130000310000000 


324 


2 


o 


6 


000000004000220000220000000 


162 


3 


o 


4 


000000004010120000210100000 


324 


4 


o 


8 


000000004010120000300010000 


216 


5 


o 


— 16 


000000004010210000210010000 


324 


6 


o 


16 


000000004020200000200020000 


54 


7 


o 


56 


000000004110 110 00 110 110000 


27 


8 


o 


12 


00000001300012 1000310000000 


324 


9 


o 


4 


0000013000130000301000000 


216 


10 


o 


— 12 


00000001300021 1000220000000 


648 


11 


o 


4 


000000013001030000300100000 


648 


12 


o 


— 4 


000000013001120000210100000 


1296 


13 


o 


— 8 


000000013001 120000300010000 


1296 


14 


o 


16 


0000013001210000210010000 


648 


15 


o 


12 


000000013010021000300100000 


648 


16 


o 


— 8 


00000001301011 1000210100000 


1296 


17 


o 


— 16 


0000000130 10 11 1000300010000 


648 


18 


o 


— 4 


000000013010120000201100000 


1296 


19 


o 


16 


000000013010201000210010000 


648 


20 


o 


— 12 


000000013011020000200200000 


1296 


21 


o 


— 8 


000000013011110000110200000 


648 


22 


o 


32 


000000013011110000200110000 


1296 


23 


o 


— 32 


000000013011200000200020000 


648 


24 


o 


— 4 


000000013020101000110200000 


1296 


25 


o 


16 


0000013020101000200110000 


1296 


26 


o 


16 


0000000130201 10000200101000 


1296 


27 


o 


— 24 


000000013021100000100210000 


648 


28 


o 


— 8 


000000013030100000100201000 


648 


29 


o 


32 


00000001310011 1000120100000 


648 


30 


o 


— 56 


000000013101110 00 110 110000 


648 


31 


o 


6 


000000022000202000220000000 


108 


32 


o 


24 


000000022000211000211000000 


162 


33 


o 


8 


00000002200111 1000210100000 


1296 


34 


o 


16 


000000022001111000300010000 


648 


35 


o 


4 


000000022001120000201100000 


1296 


36 


o 


8 


000000022001120000300001000 


648 


37 


o 


— 16 


0000022001201000210010000 


648 


38 


o 


— 16 


000000022001210000210001000 


324 


39 


o 


6 


000000022002020000200200000 


324 


40 


o 


4 


000000022002110000110200000 


648 


41 


o 


-16 


000000022002110000200110000 


1296 


42 


o 


16 


000000022002200000200020000 


324 


43 


o 


24 


000000022 011011000200200000 


162 


44 


o 


8 


00000002201 11010001 10200000 


648 


45 


o 


— 32 


0000022011101000200110000 


1296 


46 


o 


64 


000000022011200000200011000 


162 


47 


o 


24 


000000022012100000100210000 


648 


48 


o 


— 16 


0000022100102000120100000 


324 


49 


o 


— 64 


000000022100111000111100000 


162 


50 


o 


56 


0000000221011 10 011 110000 


324 


51 


o 


56 


0000022101110000110101000 


162 


52 


o 


— 12 


000000112000121000211000000 


108 


53 


o 


28 


000000112001021000210100000 


1296 


54 





_4 


00000011200 102 10003000 10000 


1296 


55 





-8 


000000112001030000300001000 


324 


56 





-24 


1 1 2 1 1 1 1 1 2 1 


1296 


57 





8 


112 112 2 10 10 


324 


58 





-16 


00000011200202 0000110200000 


1296 


59 





4 


000000112002020000200110000 


648 


60 





56 


00000 112 0211 000011 110000 


324 


61 





8 


000 00112010012000210100000 


1296 


62 





16 


000000112010012000300010000 


648 


63 





-32 


112 10 2 10 2 110 


648 


64 





-32 


000000112010102000210010000 


648 


65 





32 


000000 1120 10 111000111100000 


324 


66 





16 


000000112010111000201010000 


648 


67 





-24 


000000 1120 11011000110200000 


1296 


68 





8 


000000 112 1102 0000 101200000 


648 


69 





28 


000000 1120 11020000200101000 


648 


70 





-8 


000000112011101000110110000 


648 


71 





48 


000000112 01110 10 0200020000 


648 


72 
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Il2 


/ 12 


MINIMAL REPRESENTATIVE 


ORBIT SIZE 


# 


o 


72 


0000001120111100001 10101000 


324 


73 


o 


— 64 


000000112011110000200011000 


648 


74 


o 


— 12 


000001012001020100210100000 


324 


75 


o 


16 


000001012001020100300010000 


648 


76 


1 


13 


000001012001110010210100000 


648 


77 


— 1 




000001012001110010300010000 


1296 


78 


— 1 


19 


000001012001110100120100000 


1296 


79 


1 


— 27 


000001012001110100210010000 


1296 


80 


-1 


11 


000001012001 1200002 10000100 


1296 


81 


1 


13 


000001012001120000300000010 


1296 


82 


— 1 


— 9 


000001012001200010120100000 


1296 


83 


1 


5 


000001012001200010210010000 


1296 


84 


1 


— 7 


000001012001200100030100000 


648 


85 


2 


2 


00000101200121000012000010 


1296 


86 


— 2 


— 26 


000001012001210000210000010 


1296 


87 


-1 


-5 


00000101200130000003000010 


648 


88 


1 


13 


000001012001300000120000010 


648 


89 


— 2 


— 18 


000001012010101010210100000 


324 


90 


2 


26 


0000010120101010103 0010000 


648 


91 


1 


13 


000001012010101100120100000 


1296 


92 


— 1 


— 21 


000001012010101100210010000 


1296 


93 





16 


000001012010110001210100000 


648 


94 





32 


000001012010110 00 13 00010000 


216 


95 


1 


13 


000001012010110010201100000 


1296 


96 


— 1 


— 5 


000001012010110010300001000 


1296 


97 


o 


— 8 


000001012010110100111100000 


1296 


98 


1 


— 27 


0000010120101101002010 10000 


1296 


99 


— 1 


— 21 


000001012 10 11 1 0210001000 


1296 


100 


o 


— 12 


000001012010120000201000 100 


216 


101 


o 


16 


000001012010120000300000001 


648 


102 


o 


8 


000001012010200001120100000 


1296 


103 


o 


— 32 


0000010120102000012 10010000 


648 


104 


1 


13 


000001012010200010 1 1110 0000 


1296 


105 


— 2 


— 26 


000001012010200010201010000 


1296 


106 


1 


5 


000001012010200010210001000 


1296 


107 


-1 


— 29 


000001012010200100021100000 


216 


108 


1 


53 


000001012010200100111010 000 


1296 


109 


o 


8 


000001012010200100120001000 


1296 


110 


— 1 


— 9 


00000101201020100012000010 


1296 


111 


1 




0000010120102010002100000 10 


1296 


112 


-1 


19 


01012 10 2 10 1110 10 


1296 


113 


1 


5 


000001012010210000201000010 


1296 


114 


o 


— 32 


0000010120102100002100000 1 


648 


115 


— 1 


— 5 


0000010120103000001 11000010 


1296 


116 


— 2 


14 


000001012011 100100020200000 


648 


117 


4 


— 60 


0000010 12 1110 0100110110000 


648 


118 


— 2 


54 


000001012 111 0100200020000 


648 


119 


2 


22 


00000101201120000002010010 


648 


120 


— 3 


— 15 


01012 112 110 10 10 


1296 


121 


— 1 


— 21 


0000010120112000001 10100010 


1296 


122 


2 


42 


0000010120112000002000100 10 


1296 


123 


2 


— 38 


000001012020200000101010100 


648 


124 


1 


5 


00000101202020000010110 (JO 10 


1296 


125 


— 2 


— 10 


000001012020200000200001010 


648 


126 





64 


000001012020200000200010001 


216 


127 


-1 


-21 


0000010 12100 11100120100000 


1296 


128 


1 


13 


0000010 121000 11100210010000 


1296 


129 





48 


0000010 1210 0020001210100000 


108 


130 


1 


-27 


010 12 10 2 10 11110 


1296 


131 


-1 


-9 


0000010 12100 020 100210001000 


648 


132 


2 


10 


00000 10 12100 10 1010 120100000 


1296 


133 


-2 


-18 


00000101210 0101010210010000 


648 


134 





-64 


00000 1012100 11000 1120100000 


648 


135 


-2 


-42 


0000010 12100 1100 10 111100000 


1296 


136 


-2 


-2 


10 12 10 110 10 1110 10 


648 


137 


1 


13 


00000 10 12100110 100120001000 


1296 


138 


-1 


-21 


000001012100111000120000100 


1296 


139 


1 


13 


1 1 2 1 1 1 1 2 1 (J 1 


648 


140 


1 


-27 


000001012100120000111000100 


1296 


141 


-1 


-9 


00000 10 12100 200010120001000 


648 


142 


-1 


-9 


00000101210020 1000120000010 


216 


143 


-2 


78 


00000101210101010 110110000 


648 


144 



Table 8. The basis invariants in degree 12: part 2 
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Il2 


/ 12 


MINIMAL REPRESENTATIVE 


ORBIT SIZE 


# 





— 32 


0000010 1210 10 10100200020000 


648 


145 


— 2 


-2 


10 12 10 110 10 110 110 


1296 


146 


1 


5 


000001012101100010200020000 


1296 


147 





32 


0000010121 111 (JO 11 (J 10100 


648 


148 


4 


60 


00000101210 1110 00 110 100010 


1296 


149 


— 1 


— 21 


000001012101110000200010010 


1296 


150 





112 


0000010121101000 1110 110000 


216 


151 


— 2 


— 2 


000001012110100010 110 101000 


648 


152 


— 1 


— 21 


000001012110100010200011000 


1296 


153 


2 


10 


000001012110110000200001010 


648 


154 


1 


— 11 


00000102100101 1100300010000 


1296 


155 


— 1 


— 21 


000001021001020100300001000 


1296 


156 





— 24 


00000102100110 110 120100000 


648 


157 





16 


000001021001101100210010000 


1296 


158 


1 


— 11 


000001021001110001300010000 


1296 


159 


2 


— 14 


000001021001110 100 11110 0000 


1296 


160 


-2 


22 


0001021001110100201010000 


648 


161 





16 


000001021001110100210001000 


1296 


162 


— 1 


— 21 


000001021 (JO 112 000300000001 


1296 


163 


1 


5 


000001021001200001120100000 


1296 


164 


— 1 


11 


000001021001200001210010000 


1296 


165 


1 


— 27 


0000010210012001 (J 111 10000 


1296 


166 


1 


5 


000001021001200100120001000 


1296 


167 


— 1 


11 


000001021001201000120000100 


1296 


168 


— 3 


— 15 


0000010210012100001110 (J 01 


1296 


169 


2 


42 


000001021001210000210000001 


648 


170 


2 


10 


000001021001300000021000100 


648 


171 


1 


— 15 


000001021002010100110200000 


648 


172 


— 1 


11 


000001021002010100200110000 


1296 


173 


2 


— 2 


000001021002100100020200000 


648 


174 


-4 


28 


000001021002100100110 110000 


1296 


175 


2 


— 22 


000001021002100100200020000 


1296 


176 





16 


000001021002110000110100100 


1296 


177 


— 1 


11 


000001021002110000200010100 


1296 


178 


— 2 


— 10 


000001021002200000020100100 


648 


179 


3 


— 1 


0001021002200000110010100 


1296 


180 


1 


13 


(J 0001021010002100300010000 


648 


181 


— 1 




00000102101001 1100300001000 


1296 


182 


—2 


— 42 


000001021010101001300010000 


648 


183 


—2 


— 2 


0000010210101 Oil 1111 (J 0000 


1296 


184 





16 


000001021010101100201010000 


1296 


185 


2 


10 


00000102101010 1100210001000 


1296 


186 





16 


000001021010110100201001000 


648 


187 


1 


— 11 


0001021010111000300000001 


1296 


188 


— 1 


— 21 


000001021010200001111100000 


1296 


189 


2 


42 


000001021010200001201010000 


648 


190 


— 1 


— 29 


000001021010200100102010000 


1296 


191 


— 1 


— 21 


000001021010200100111001000 


1296 


192 


3 


7 


000001021010201000111000100 


648 


193 


1 


— 15 


000001021010210000102000100 


432 


194 


—2 


2 


000001021010300000012000100 


648 


195 


3 


7 


000001 (J 21 Oil (J 1100110200000 


648 


196 


— 3 


— 15 


000001021 011 (J 1100200110000 


1296 


197 


3 


47 


000001021011010100200101000 


648 


198 


1 


53 


000001 21 1 1 1 000 12 110000 


1296 


199 





-24 


1 2 1 1 1 1 1 (J 1 1 2 


648 


200 


2 


26 


000 01021 111 00100 1 1110000 


1296 


201 


-2 


38 


0000010210 11100 100 110 10 1000 


1296 


202 





-64 


0000010 210 11100 100200011000 


1296 


203 


-2 


-2 


1 2 1 1 1 1 1 1 1 1 1 


1296 


204 


3 


47 


0000010210 1110 1000200010100 


1296 


205 


2 


-14 


000 010210 11110000101100100 


1296 


206 


-3 


-15 


000001021011110000200001100 


1296 


207 


1 


53 


0000010 210 11110 000200100001 


1296 


208 


-1 


59 


0000010210 11200000101010100 


1296 


209 


1 


-27 


000001021011200000110 001100 


1296 


210 


-2 


-106 


0000010210 11200000200010001 


648 


211 


-2 


-58 


1 2 1 1 2 1 1 (J 1 1 1 


1296 


212 


1 


5 


1 2 1 2 1 1 2 (J 1 1 


648 


213 


-1 


11 


000 01021 020 10000 12 101000 


648 


214 


4 


4 


1 2 1 2 1 1 1 (J 1 1 (J 1 (J (J 


1296 


215 


-2 


-10 


000001021020 100 100 200 002000 


648 


216 



Table 9. The basis invariants in degree 12: part 3 



MURRAY R. BREMNER AND .TIAXIONG HU 



1 12 


7 12 


MINIMAL REPRESENTATIVE 


ORBIT SIZE 


# 


o 


— 24 


10 2 10 2 10 10 10 110 10 


1296 


217 


1 


5 


000001021020101000200 00 1100 


1296 


218 


— 1 


11 


000001021020101000200 10 00 1 


1296 


219 


— 3 


17 


0000 0102102020000010100 1100 


1296 


220 


2 


— 22 


000102102020000020000100 1 


648 


221 


2 


10 


0000010210 2110 00 100101100 


1296 


222 





32 


10 2 110 1110 11110 


1296 


223 


—2 


22 


10 2 110 10 10 112 10 


324 


224 





— 8 


000001021100 10 110 111010000 


1296 


225 


—2 


— 18 


00000102110010 110 120001000 


648 


226 


2 


106 


000001021100 110 00 1111100000 


648 


227 





— 8 


00000102 


1100110100111001000 


1296 


228 





32 


00000102 


110 111000111000100 


1296 


229 


4 


— 20 


00000102 


110100110 110 110 00 


1296 


230 


1 


53 


10 2 


1101010 00 1110200000 


648 


231 


2 


— 54 


10 2 


1 1 1 1 10 1 1 1 1 


1296 


232 


— 2 


— 82 


10 2 


1 1 1 1 10 1 10 10 10 


1296 


233 





32 


000102 


110 10 110 110 10 10 


1296 


234 


-2 


22 


10 2 


110102000010 1100 100 


1296 


235 


2 


— 54 


00000102 


110 110 1110 110 


1296 


236 





32 


00000102 


1 1 1 10 10 1 10 1 10 


1296 


237 


—4 


— 36 


10 2 


1 1 1 10 1 1 10 1 1 


1296 


238 


2 


26 


10 2 


110 1110 110 110 


1296 


239 


— 4 


— 116 


00000102 


1 1 1 1 1 1 10 10 1 


648 


240 


—2 


22 


10 2 


11100 10 1110 200000 


648 


241 


— 2 


— 2 


10 2 


1110 110 110 10 10 


1296 


242 


2 


10 


00000102 


1110002000110 100 100 


648 


243 


1 


21 


0000010300010111003000010 00 


648 


244 





24 


10 3 110 110 11110 


648 


245 


— 1 


— 5 


10 3 1 10 1 10 2 1 1 


1296 


246 


-2 


— 10 


000001030001110 00 13 00 00 10 00 


108 


247 


2 


10 


000001030001200 00 1210 001000 


648 


248 


3 


— 17 


10 3 2 10 10 110 10 10 


432 


249 


—2 


22 


0000010300021001002000110 00 


648 


250 


2 


42 


000001030002200000200010001 


216 


251 


1 


1 


00000103000300010 00 10 300000 


72 


252 


— 4 


— 4 


10 3 1110 10 10 110 10 


648 


253 


2 


— 22 


00000103010010 100 1111100000 


648 


254 


2 


18 


000001030100 10 110 11100 1000 


216 


255 


2 


58 


000001030101010 100101101000 


648 


256 


—4 


4 


00000111 


1001020100111100000 


324 


257 


3 


47 


00000 111 


100 1020100210001000 


1296 


258 





24 


00000111 


10 1110 10 11110 


648 


259 


—2 


—42 


000111 


1001110010210 00 10 00 


1296 


260 


4 


20 


111 


10 112 1110 10 


648 


261 


— 1 


— 21 


00000 111 


10 112 2 10 1 


648 


262 


—3 


17 


00000 111 


100 2 10100020200000 


648 


263 


4 


— 20 


111 


10 02010 100 110110000 


1296 


264 


— 1 


11 


111 


10 02010100200020000 


1296 


265 





16 


111 


10 2 2 110 10 10 


648 


266 


4 


4 


111 


10 2 110 2 010 10 


1296 


267 


—4 


— 36 


111 


10 2 1 10 1 10 1 1 


1296 


268 





32 


00000 111 


10 10 1110 2 10 10 


1296 


269 


2 


18 


00000111 


101010 1010 111100000 


648 


270 


2 


-22 


00000111 


10 10 10 110 1110 10 


648 


271 


-2 


-42 


000 0111 


10 10 1 10 1 2 1 1 


648 


272 


-4 


-84 


111 


10101110 0111000100 


216 


273 


-2 


-42 


1 1 1 


10 10 2 11110 10 


324 


274 


-2 


-2 


111 


101020001011100 10 00 


324 


275 


-4 


36 


111 


1 1 10 1 10 1 10 1 1 


1296 


276 


2 


58 


111 


1 1 10 10 10 1 1 1 1 


648 


277 


-2 


-50 


111 


1011010100110101000 


1296 


278 


2 


18 


111 


10 110 110 110 100100 


648 


279 





32 


111 


10 1 10 1 1 2 1 1 


1296 


280 


-2 


-10 


111 


10 1110 1110 110 


1296 


281 





-64 


111 


10 1110 12 2 


1296 


282 





-56 


000 0111 


1011100010110 10 1000 


1296 


283 


2 


106 


111 


10 11100010200 0110 00 


648 


284 





-48 


00000111 


10 11100100 101020000 


1296 


285 


2 


58 


111 


1 1 1 1 1 1 10 1 10 


1296 


286 


6 


46 


111 


1 1 1 1 10 1 10 10 1 


648 


287 


-4 


-36 


111 


1011101000200 0100 10 


1296 


288 



Table 10. The basis invariants in degree 12: part 4 



FUNDAMENTAL INVARIANTS FOR 3x3x3 ARRAYS 



Il2 


7 12 


MINIMAL REPRESENTATIVE 


ORBIT SIZE 


# 


o 


— 96 


1 1 1 1 1 1 1 10000 1 10 100 1 


648 


289 


2 


106 


0000011110 11110 000200010001 


1296 


290 


4 


-108 


0000011111100 100 1110 110000 


324 


291 


2 


10 


000001120001110001210001000 


324 


292 


-4 


— 20 


000001120001200001120001000 


324 


293 


1 


21 


000001120002020000200100001 


1296 


294 


— 1 


— 13 


000001 120002100001020200000 


432 


295 





16 


0000011200021000 1110 110000 


1296 


296 


4 


84 


000001120002110000110100001 


648 


297 


— 3 


—63 


000001120002110000200010001 


1296 


298 


2 


10 


000001120010101001201010000 


648 


299 


— 2 


— 26 


000001120010200001102010000 


324 


300 


o 


—48 


112 1110 110 1110 


1296 


301 


2 


26 


000001120011100001110 101000 


1296 


302 


-2 


22 


000001120011100001200011000 


648 


303 


-4 


— 36 


000001120011101000110100001 


1296 


304 


1 


53 


0000 112 1110 1000200010001 


1296 


305 


3 


— 33 


00000112 1111 0002000010 (J 1 


1296 


306 


—2 


— 58 


0000011200201000 110 1101000 


1296 


307 


4 


4 


000001120020101000101100001 


648 


308 


— 2 


22 


00000112002110000010 10 100 1 


324 


309 


2 


26 


000001120101 1 00 11 1110000 


1296 


310 





—48 


000001120101010001110101000 


648 


311 


— 4 


44 


000001120 10 111 00001100010 (J 1 


648 


312 


— 4 


18 


000002020002000200020200000 


36 


313 


6 


—34 


000002020002000200110110000 


324 


314 


— 2 


22 


000002020002000200200020000 


108 


315 


— 5 


23 


00000202000210010 110 10100 


648 


316 


— 12 


92 


00000202001110 10 00 111 0100 


162 


317 


4 


— 76 


2 2 1110 10 10 10 10 10 


648 


318 





128 


000002020011100100200010001 


324 


319 


—8 


40 


00000202010100010 1110 110000 


324 


320 


— 4 


108 


2 2 010 10 10 10 10 10 10 10 


324 


321 


4 


164 


2 2 010 10 10 10 110 10 01 


324 


322 


2 


10 


2 2 10 110 1110 10 10 


648 


323 


8 


— 72 


0000021100110 00 10 1110 110000 


1296 


324 


— 6 


50 


000002110011010100101100010 


648 


325 


— 2 


38 


00000211001101010011010 00 1 


1296 


326 


5 


41 


000002110011010100200010001 


648 


327 





112 


000002110011100001110010100 


1296 


328 


—6 


— 30 


2 110 1110 1110 10 10 


432 


329 


— 2 


158 


000002110011100010101010100 


324 


330 


— 1 


— 181 


000002110011100010200010001 


648 


331 


— 4 


— 116 


00000211001110 (J 100 110010001 


1296 


332 


2 


— 54 


000002110 11110 000110000101 


648 


333 


—6 


34 


000002110011110000200000 11 


324 


334 


4 


20 


0000021101100100011101000 1 


324 


335 


24 


— 88 


0000110 110 11100100011100100 


27 


336 


— 8 


8 


0110 110 1110 10 10 10 10 10 


648 


337 


10 


—6 


00001101110100010 1110 110000 


108 


338 


—8 


48 


0000110111010 00110101110000 


324 


339 


— 2 


70 


0110 1110 10 110 110 1010 


648 


340 


4 


172 


0110 1110 10 10 10 10 110 10 


324 


341 


-2 


-130 


000011011101010 10 0110100001 


324 


342 


-12 


60 


0000111 1011 00 1101 111 00 (3 


1(38 


343 


-4 


76 


00001110 10 1100 110 110 10 1000 


324 


344 


2 


-22 


0000111010110 1100 110 100010 


1296 


345 


4 


-108 


000011101011010100101100010 


648 


346 





-136 


00001110101110000 1110010 100 


216 


347 


6 


46 


00001110101110(30 1 1 1100010 


648 


348 


4 


92 


00001110101110 (3 1 11 (3 (3 11 (3 


648 


349 





-16 


000011101011100010110100001 


1296 


350 


8 


88 


1 1 1 1 1 2 1 (3 1 1 (3 1 (3 (3 (3 1 


216 


351 


-4 


-164 


00100111000111 00 1 11 1 (3 0001 


648 


352 


4 


180 


00 1 00111 0010101010200010(3 (3 1 


324 


353 





144 


10 1110 10 10 110 110 10 1 


648 


354 


-4 


236 


001001110010110001110100001 


1(38 


355 





-128 


00100111 001011 000 120(3 01 0(3 (3 1 


216 


356 


-2 


-82 


0010101010101100012000010 10 


324 


357 


6 


6 


1 1 1 1 1 1 1 1 1 1 (3 1 (3 (3 (3 1 


72 


358 


2 


222 


1 1 2 (3 2 (3 1 (3 1 1 (3 (3 2 1 


36 


359 



Table 11. The basis invariants in degree 12: part 5 



